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PREFACE

This paper is intended for those unfamiliar with the method of
least squares. It was written to present completely a few examples
of easily programmed equations which serve a variety of purposes
and to introduce without extensive development the more complex
general non-linear equation treatment.
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THE THEORY AND APPLICATION OF LEAST SQUARES

Simple Linear Equation

A problem area in science is that of determining the proper formula for
relating observations. Even when an equation which correlates experimental
data is known, the best scaling and transformation coefficients are initially
uncertain.

For example, assume a simple set of observations of X and a corresponding
set of measurements of Y are plotted:

{2 OBSERVATIONS
AND MEASUREMENTS *

Figure 1

A reasonable assumption would be that there is a linear relationship between X
andY. That is,

Y-=-AX +B (1)

This is an equation for a straight line. But what choice of A and B best repre-
sents the data? For any two choices of data points, a solution for A and B can
be obtained from (1). This supplies a straight line through those two points.
For fig. 1, this is 12!/10!2! = 66 possibilities. Certainly, it would be too time
consuming examining each possible line with respect to the others to see which
one appears best. Often a straight edge is aligned visually on the plot in an
approximation of a close fit.



For many purposes either of the above rough techniques may be satisfactory;
however, a more analytic treatment is normally preferred. This treatment should
be an objective, general approach. That is, the problem is stated, equations pro-
posed, observations or measurements made, and solutions derived from the
equations.

For equation (1) and fig. 1, the problem is to determine by a mathematical

algorithm the best straight line for the given points. Twelve observations relating
X and Y are given. The coefficients A and B of (1) are, therefore, overdetermined.

1QAX1 + B
256AX2 + B

(23)

The general set of n equations is represented in (2a). Our example from fig. 1
has n = 12, The approximate nature of the equations is eliminated by explicitly
inciuding the residuals A, which are the differences from observations Y, and
the straignt line computed values (AX;, +B),

Y, - (AX, +B) =4, (3)

fori=1,2,...,n. The equations (3) are known as condition equations. We
should like to find values for A and B such that a minimum error in Y could be
expected for additional observations of X.

A methoa which achieves this aim is that of least squares, so named because
the objecti is to minimize the sum of the squares of the residuals or observation
vs. computation errors. That is,

n

Z [Y, - (AX, + B)]? = Z A? - minimum. 4)
i=1

i=1




Expanding (4) gives,

n n n n n n
E Y? +A? E X? +nB? - 2A E Y. X, -2B E Y, + 2AB E X, = E AZ. (4a)
i=1 i=1 i=1 i=1 i=1 i=1

To minimize 2 A? with respect to particular coefficients A and B, the partial
derivatives of 5 A? with respect to A and B must be zero.

3 Z 02 .
—= —-0=2A ZX2—2 ZYX +2BZX. (5)
aA A

i=1
a Af n n
=1 =0 =2nB-2 E Y. +2A E X
aB 1 1
i=1 i=1
(6)

where (5) and (6) are normal equations. Thus, with two equations in two unknowns,
a solution is given by:

n n
; Y, -A ;xi




or

whence,
n ) YXo- Y )X
A= i=1 1=1 i=1 (7)
n n 2
n X2 - ( )3 xi>
i=1 i=1
Then,
n n 2 n n 2 n
-n )XY, X, \+ X, ) )Y, +n ) X Yl—( x1> )y,
1=1 1i=1 1=1 1=1 i=1 i=1 i=1 i=1
B =
n n 2
n n X? - X, >
whence,
n n n n
Yok v - ) xin< x1>
B — i=1 i=1 1=1 1=1 (8)
n n 2
n X2 - < )X )
i=1 i=1
Equation (2) can be expressed in matrix notation.
X, 1] Y, ]
2 1 A Y2
B
1 Y
L. " —d e 7
(nx2) (2x1) (nxl)
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But this is just AZX? + BZX, = 2X; Y, andAZX, + nB =2Y,, equation (5) and

(6).

Q.E.D.

Singularity of a matrix is indicated if the determinant of it is zero, so that
if XTX is nonsingular, then an inverse exists and P can be solved for by pre-
multiplying (10) by (XTX) "', the inverse of XTX.

XTx)y"! (XTX) P = (xTX)"! xTy

= XTX)"1xTy

n E Xi2_

2
>

e
!

=
>
e
|

However, this is equivalent to (7) and (8).

As was indicated before equation (9), an analytic justification is necessary
to prove that the matrix representation of (9) is equivalent to a least squares
treatment. Observe that the condition equations (3) were not given an exact
expression in a matrix form. This is simply done by:

A ]
Ly

(11a)

(11b)
T
1=1

(11c)
o
1=1 _J
(12a)



A simplification of the solution is achieved by replacing the approximate sign by
an equal sign (the justification for this step is given on page #6). Matrices may
then be expressed by

X P = Y (9)
(nx2) (2x1) (nx1)

Because the matrix X is not a square one (nxn), inversion directly is not possible.
This dilemma is resolved by premultiplying (9) by the transpose of X.

XxT X P = XT Y (10)
(2xn) (nx2) (2x1)  (2xn) (nx1)
(2x2)

This is the matrix form of the normal equations (5) and (6). Because the trans-
pose matrix product of a matrix is a square matrix, the product matrix (X™X) is
a 2x 2square matrix.

We are justified in calling both (10) and the set (5)-(6) normal equations be-
cause they are equivalent, This is shown by expanding (10).

A
XTX [ ]:XTY
B

. L Y,
X, 1 Y,
[x1 X, "'xn] A [xl X, ---Xn]
11 ---1 - Bl Li1---1 .
X 1 Y
RO R
[ n n =] T n 1




or

Y -XP=V. (12b)

Equations (12) are the matrix form of the condition equations (3). For matrices,
the sum of the squares of the residuals is represented by:

(Y - XP)T (Y - XP) =VTV. (13a)
Manipulating (12) by matrix rules yields,
YTY - YTXP - PTXTY + PTXTXP = VTV (13b)

but for differentiable matrices, VIV may be minimized with respect to P by:

EAARY -
oP

0=-XTX)T -XTY - 2XTXP (14)

0= 2XTXP - 2XTY (14a)
which may be solved for P to give
P=XTx)"t xTy. (15)

This is just our result (10), justifying our simplification made at that time.



Three Dimensional Orthogonal Transformation

A second example which is more complex, more general, and more interest-
ing is the three-dimensional orthogonal vector transformation (Orthogonality
implies mutually perpendicular axes). This transformation serves to rotate and
translate a vector R into another vector R’ (fig. 2). Another way of viewing
the transformation is as a rotation and translation of a coordinate system into

another reference frame (fig. 3).

Z Z R
R
Y A Y
X X
Figure 2
Z z'
R R
Y — )
X y!
Figure 3

An axial rotation is a rotation of a frame about one of the axes X, Y, or Z.
At most, three axial rotations, each representable as a direction cosine matrix
in form

1 0 0 cos ¢/ 0 =-sin @ cos & sinf@ O
0 cos ) sin ¢/ , 0 1 0 , or -siné& cos @ O

0 -sinf cos ¢/ sinéd 0 cos U 0 0 1

b




are necessary to perform any transformation. We shall specifically examine
a set of three axial rotations defined by:

(1) rotation around X axis by roll angle w
(2) rotation around new Y axis by pitch angle ¢

(3) rotation around newest Z axis by yaw angle «.
A large number of possible choices exist however, e.g.

pitch (¢), roll («), yaw («x) about Y- X - Z

heading (H), roll (), pitch (¢) about Z - X -Y
heading (H), pitch (¢), roll (v) about Z - Y - X
azimuth (o), tilt (t), swing (s) about Z- X -Z

azimuth (a), elevation (h), swing (s) about Z- Y - Z etc.

The direction cosine matrices are represented by:

1

1 0 0
A1 =! 0 cos w sin w
0 -sinw cos w

cos¢d 0 =-sing¢
A= 0 1 0 \ (16)
sin¢ 0 cos ¢

cos k sink O

A. = |-sinkx cosk O

0 0

[y

y

A vector R can now be transformed into R’ by a series of three axial rotations:

R, =AR; R, =AR; R =AR,. (17)



Instead of making three separate steps, a single rotation represented by direction
cosine matrix A =A; A, A; is sufficient. '"A" is thereby a product matrix (3x 3)
of three orthogonal matrices and is therefore orthogonal itself.

cos¢ cos k  coswsink +sine sing cosx  sinw sink —cosw sing cos

A = | —~cos¢ sink  coswceosk —sinw sing sink  sinw cosx +cosw sing sink (18)

sing —-sinw cos ¢ cos w cos

Note: All rotations considered in this section are counter clock-wise in accord
with current scientific convention,

A review of a few properties of orthogonal direction cosine matrices may be
useful.

If A transforms vector

X X’

R<=>] Y |intoR' <=>| Y' |,

zZ z'
then
R' = AR (19)
where
a;, 2, 3137 cos ﬂ cos )ﬂ cos X'Z
A=l a, a, a,|-= cosY'X cos¥'Y cos vz (18a)
a,, 4, a33—’ cos Z’X cos Z'Y cosZ'Z

That is, the elements of a direction cosine matrix are the cosines of the angles
between two axes, one from each reference frame.

10




Y
7!
Y
X
X'
Figure 4
o~ —
Thus the relations a , = cos X"X i_gosda cos K, a,, = COS X'Y' = coswsin«k +
sinwsingcosk, ... a;; = cOS Z'Z = coswcos¢ supply the dependence of
the angles between the X - Y -Z axes and the X' - Y' - Z' axes as functions

of the rotation angles w, ¢, «. Explicitly, "A" is produced by:

zZ,
! X 2,22
X, ¢
w
Y, ¢
Y
w
Figure 5
X X X, X, X, X'
Y |—| Y, 1l Y, Y, |—I!|Y, |=| Y
Z Z, | \Z% Z, Z, Z, A
via A, (w) via A, (¥) via A; (x)

11



For any orthogonal matrix A,

E a;; a = 5, holds for rows: 1=1,2,3; k=1,2,3

3
S—\ a;; a; = 51'1( holds for columns: j;=1,2,3; k=1,2,3
P
where
o = 1 for i=k; &, =0 for 17k
6“{ =1 for j=k; 6jk =0 for 1 #k
det A = |A| = £ 1, + 1 when a right (left)~-handed coordinate system is trans-

formed into another right (left)-handed system

Z 7' v'
\ | \(
X
xl

and - 1 when a right (left)-handed system is transformed into a left (right)-handed

one.
Z ]
v X
Y ——
X
Yl




A number of graphic techniques have been devised to aid in visualization of
the transformation. Two are illustrated below.

GREAT
CIRCLE Z; Z
METHOD

LINE OF z, Z |
NODES Y=Y
METHOD

X

Figure 6(b)

13



For our purposes, we wish to choose a transformation

X' ABC /x
v |-| FGH || Y (192)
z' DEI/ \z
or
R' = AR. (19b)

The peculiar choice of elements for the direction cosine matrix will be useful
in a later development. Now we turn to the solution of (19) by least squares.

If n vectors are measured in both of two coordinate systems (where n 2 3,
since each vector supplies 3 points),

xi x; ) xr,1 xl x2 Xn
Y! Y! Y’ Al Y, Y Y
1 2 1 2 (203.)
Z, 7y, -2 z, z, z,
(3 x n) (3x3) (3 xn)
erx =AR_. (20)

The subscript n denotes the number of vectors in the matrix. To make the right-
hand side invertible, post multiply by R! .

RRRT=AR RT (21)
We may solve for A as we did for P in the previous example.

R'RT (R RH)™' =AR RT (R RT)-! (222)

A =R RT (R RT)! (22b)

14




Explicitly,

i
<

R, R

15



Projective Transformation

Consider a scaled form of equation (18),

X ABc\ /X
Z z
Y \-| Fou 4 (23a)
Z z
E DEI =
Z z

We wish to project the points in an xy plane onto points in an XY plane. That is,
a projection with Z = z = constant., We thus have:

Y_rpX,cY¥.n2 r (23b)
Z z

Moreover, if the constant Z = z is chosen to be one,

XZAx+By +C )
Dx +Ey +1
e (24)

_Fx +Gy +H
Dx +Ey+IJ

16




For an orthogonal-conformal transformation, as I approaches the value of one,
D=E =C =H = 0. If the requirement for conformality is now relaxed such that
D, E, C, and H may not be zero for I = 1, then

X:Ax +By +C

25
Dx +Ey +1 (25)

Y_Fx +Gy +H

= v (26)
Dx +Ey +1

This is an eight parameter nonconformal projective transformation. It is used
for mapping planar surfaces into other planar surfaces.

x _-
D y _—"" |
| | - |
I -
| = 1
l ! \ /
| \
| | \ [
e — |
Figure 7

Specifically, an oblique photograph from the air may be transformed point by
point into a map of the same area. Also, a linearly distorted and scaled network
or grid may be correlated to a reference grid.

We shall be concerned with how the best choice of the coefficients A through
Hare made. Assume a network with n grid intersections which are measured.
Let this be a reference grid. Similarly measure the n intersections of a dis-
torted grid. The ith reference grid intersection is denoted by x,, y; andthe
corresponding ith distorted grid intersection is denoted by X, , Y,. Since there
are eight parameters to be determined, there must be at least four measured
intersections (each intersection supplies two equations). A "good' pattern of

17




points is recommended. That is, not all points from the same area, in a line,
or in any way likely to create a bias in the solution should be chosen. After a
solution for the coefficients is made, any arbitrary point within the point pattern
on the distorted grid may be measured and transformed into the reference grid.

~ XihYi

REFERENCE GRID DISTORTED GRID

Figure 8

In many cases of interest, orthogonality and conformality are almost preserved;
thatis, A=G,B~ -F, D=E = 0.

The following 2n equations are formed when n intersections from reference
and distorted grids are measured.

NAx1+By1+C NFx1+Gy1+H

1’\/
Dx1+Ey1+1

1r\'Dxl +Ey, +1

Ax, + By, +C Fx, +Gy, +H
2 2 y, x—2 2 (27)
2 Dx, +Ey, + 1

X,

“Dx, +Ey, + 1

NAxIn +By, +C

X Fxn+Gyn+H
nNDxn +Ey_ +1

Y =
" Dx +Ey +1

18




Expressed as condition equations,
X; - (Ax; +By; +C-Dx, X, -Ey X)) =4,

X, ~ (Ax, + By, +C-Dx,X, -Ey,X,) =4,,

_ 28
X, - (Ax, +By_ +C-Dx X -Ey X)=4, (28)
Y, - (Fx, +Gy, +H-Dx Y, -Ey,Y)) =4,

Y, -(Fx, +Gy, +H -Dx,Y, -Ey,Y,) =4,,

Y - (Fx, +Gy, +H-Dx Y -Ey Y)=4,

Square the residuals Aji , sum over j and i, and minimize with respect to the
coefficients.

2,n 2,n 2,n
0 E A2, 9 E N2, o] E A,
31 j1i j1
isi j.i il i
_——:Oy ————:Oy '..1 —__":0
JA oB oH

Once again by resorting to matrix notation, the solution is simplified.

19



X

r
Xy, 1o -x X -y X
X, ¥, 1 -x X, -y, X
X Ya 1 X xn -y xn
0 0 0 ~X, Y1 -y, Yl
0 0 o0 -x,Y, -y, Y,
0 0 0 -x Y -y Y,

L

P-Y

(8x1) (2nxl1)

]

A xﬂ
B X,
C

D X_
E Y,
F Y,
G

H Y,
e ol L— —

Again, square matrix X by premultiplying by the transpose of X,

XTXP=XTyY

20

(29a)

(29b)

(30)



where XT X

c
CNT
o - -
el >

>‘.. >:
) -
> >

(] o
o o
o o

21




and

xX

+ X.

wa fZ
Zy,X2+Zyl
ny

Yo
)y,

Inverting (XTX) and premultiplying into (30),
XTX)1XTX P=(XTX)'XTY (31a)

P-=- (xT x)—l XTy (31b)

To reemphasize a statement previously made, points computed from the coefficient
parameters should lie within or very near the spread of points used for calcu-
lating the coefficients.

The projective transformation serves to analytically project a plane (x,y )
onto another (X, Y) where one plane is tilted with respect to the other and the
rays of the projection may be viewed as parallel, diverging, or converging.

_—

AV

Figure 9

22




N Degree Polynomial

As a third example, the general n degree polynomial transformation is
illuminating. In many situations, data points can be plotted such that a simple
curve can adequately represent the observations.

Y=a,+a,x+a,x? + - +a x" (32)
Y Y
0..'. —_—
®® '.. .
° 5
Lo — X 7 X
Figure 10

A least squares solution for coefficients a, can be formed whenever m 2 n
observations in X are made.

~ 2 PR n
Yy ~8p t8, X +8,X1 + ta X
Ya.+a, X, +a,X2 + *** +a_ x°
Yo~ 8 + 81X, +8,X) n X2
(33)
~ 2 PR n
ym’\’a0+alxm+32xm+ ta, Xy
form2n.

23



The condition equations in matrix notation are:

—1 X, xf ... x‘l‘-_—1
yl—} 1 X, xg x; a0T AlT
y 2 ... N a A
2 1 x, xj3 X3 1 .2 (34)
Lym . . . . . Lan LAm

Y-XA=V. (34a)
Normal equations are formed via,
SATXTY s ATXTXA +YTY-YTXA=VTV. (35)
Minimizing vV as before (eq. (14)) gives normal equations,

XTYy-XTXA=0. (36)
Whence,
A= XTX)1XTy,

where

24




For demonstrative purposes, the above will be hand computed.

vy - (ag +a X+ o+ x]) =8,

y2_(ao+alxz+...+anxg):A2

: (34b)
e ny _

ym—-(aoﬁ'alxm+ +anxm>—Am

Squaring and summing the residuals,

- 23 2 X V5 =23, foyi-”'-“n E X]¥i (37)

To minimize the sum of the squares, find the first partials with respect to the
coefficients a, and equate each to zero.

25



This is n+1 equations inn +1 unknowns a, (3 =0,1,...,n).

(382)

The multiplicative factor 2 may be removed, allowing (38a) to be expressed in

matrix form,

m m
m X, Xf

i=1

W
-

X

2.
3

3
i
4
i

E x0 E xr_\+l E xl)+2
1 1 1

(n+1) x (n+1)

26

)

a
n

L

(n+1)x1

-3

1 1

X X

2 2

X3 X3

n n

Xy X3
(n+l) xm

ERN

]

Y1

Y,

Y3

(38b)



Which can be expressed as
XTX) A=XTY. (38c)

Continue solution as for eq. (36).

27



General Non-Linear Equation Approacl}

For our last development, we wish to derive a general approach whereby
non-linear equations can be solved by least squares. A Taylor's expansion
linearization will be used leading to approximate solutions. By an iterative
process, the approximate solutions will be improved until changes in the solution
become less than a predetermined limit. The generality is further increased
by also allowing a limited number of coordinates x, to be better determined
than from observation. For j_ _ = maximum number of coefficients to be
found and k = maximum number of coordinates to be re-evaluated, m2 j__ +
k __ is necessary for a least squares method to work (m = number of observa-
tions).

Assume a general function,
X, = X; (aj’ Xy) (39)

This is expressible as a polynomial in the coefficient parameters a. and co-
ordinates x, . :

X, Xy X1%X,
X1 Y1Y2 a; {ABC ... X, v.Y,
2,2, 2y2y°

Form condition equations,

f{ (Xi,aj,xk) =0 (40)

As implied, linearization can be achieved by expanding the condition equations
in a Taylor's Series and dropping second and higher order terms.

k pax j
Bf,ﬁ Lt 5f,€
0-f9 _
fy + ? <8xk> dx, + E <Baj> da; = fp (40a)
0

k=1 0 j=1

28




afé = initial or interated value of a; , X, = initial or iterated value of x ,

such that fé’ = fy (Xi,a‘j’,x;’).

For notational simplicity let

ofp ofy ofp ofp
x|/ 9x° ' \9a. /  2a°
k 0 k i/g j
and
— — o 0 _fo
0=fp="FfpX,a+5,x+v)=f3 +A v, +B 8 (40b)
In matrix notation the £ condition equations become:
31, 3f, 3f, of of,
ax‘; ax; ax;mx Ba; Ba; Ba‘j’m“
£ 3f, o, 2, v, af, of, 3 5,
-3 o o 0
f2 ax} ox3 Bka“ v, daj da, Ba,mx 5,
+ +
(40c)
of of of 5,
\fom“ Bf{m_x af{m“ o af{m“ Vipn L an L oax o 4 oax .
x? ox2 ax? da? daj 9a°
1 2 km.x 1 Tmax
£NIIXI {mlx x kmax klﬂIX x 1 /ﬁmnx x )max ]mnx x 1
0=F +AV +BA (404d)

29



The matrices of (40d) relate directly to the ones of (40c) and are specifically:

A , the matrix of partials with respect to coordinates
B , the matrix of partials with respect to coefficients
V , the matrix of residuals of measurements
A, the matrix of parameter corrections
F , the matrix of initial or iterated estimates of function.
In this case, the sum of the squares of the residuals must be minimized with

respect to the coordinate and coefficient parameters. The parameter correc-
tions A are needed to do this,

Consider,
S=VIPYV, (41)

the matrix form of the weighted sum of the squares of the residuals. Thus P is
a weighting matrix which is the identity matrix when all measurements are con-
sidered to be equally good.

To introduce an explicit dependence of S on the condition equations, equa-
tions of constraint

are inserted in

42
S=VIPV_2AT(F+AViBA) (42)
—

0

i

where

AT = A, N, =@ A ,
BRI

30




14

and the individual X 4 are Lagrangian undetermined multipliers. S is now a
function of the residuals and of the parameter corrections, S =S(V,A). Thus
S can be differentiated with respect to V and A and set to zero for minimizing

PV-ATA=0 (43)

-BTA-O. (44)

(43) and (44) are matrix forms of the normal equations. The weighting matrix
P is always square and nonsingular such that

V =P-1AT A, (452)
This leads to
F+AP1ATA ;BA=0, (40e)
whence,
A=-(AP-1AT)-1 (BA + F). (46)
Therefore,
-BTA=_-BT [_(AP1AT)"1 (BA+F)] =0 (44a)
or
[(BT(AP-1A)-1B] A+BT(AP1AT)"1F=0 (44b)
yielding,
A = [BT (AP-1 AT)-1B]-! [BT(AP-1 AT)-1]F (47)
and

V=P-1AT[_(AP-1AT)-1B{ [BT(AP-1AT)-1B]-1 [BT(A P-1AT)-1]F} F]. (45b)

31



Since

A= ) and V=

max max

the values of the coefficient parameters become for the next iteration

(a‘j’)new = a:.’ + 8]. (48)
and for the coordinates
<x1(:)new = X; + vk : (49)

The Sj are compared with a small finite limit « L and v, are compared with
another limit ¢ . If the 3, and v, standard deviations are less than €, and
e, repsectively, where an error analysis is performed on the inverted normal
matrix to produce the standard deviations then the solution is complete; other-
wise, (48) and (49) replace a;’ and x7 respectively in (40b) and the algorithm
proceeds as before. Iterations continue until ¢, and ¢, are reached. If, after
a given number of iterations, ¢, is not achieved by the standard deviation of
the residuals, those still greater than €, are dropped from the equations (40)
and a last iteration is performed.

In setting up the equations, if approximations for the a, and x, are initially
made, acceptable answers may be achieved after only a few iterations; however,
complete uncertainty may exist at first such that zero values are the approxi-
mations. This means the iterative process will be longer, but residuals and
corrections should converge.

Other methods, differing in specific detail but following this general outline,
exist in the literature. One increase in complexity occurs when the need for
partitioning of all of the matrices is necessitated by use of different point types
among the coordinates.

32




[ 4

Obviously a computer routine is essential to make the above approach
feasible. Indeed, for the examples given in this paper, the establishment of
computer programs to perform the least squares algorithms is desirable and
necessary to achieve the best utilization of this powerful concept.
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APPENDIX

NASA Oriented Application: Satellite Position
and Range Determination

To illustrate least squares applications in NASA oriented problems, consider
the procedures involved in determining the position, in geocentric coordinates,
of an orbiting satellite. If the satellite is observed simultaneously from sever-
al ground stations, its position can thence be evaluated. Additionally, the range
distance from each station to the satellite can be found. Many such determina-
tions of satellite position within the same orbit enable the orbital parameters to
be computed.

Notational definitions:

Let X Yj , and Zj be the Cartesian geocentric coordinates of the Jth
station.

Let x;i s y;.1 , and z: be the geocentric coordinates of the satellite as

observed at position 1 and as determined from station j .

Let x iir Yo and z;; be the local Cartesian coordinates of the satellite
at position i with the local system origined at station j .

Let x,, y,, and z, be the "true" (that is, best fit) position of the satellite

in the geocentric coordinate system.

In spherical coordinates the satellite at position i with respect to the sta-
tion j local system is:

»
I

.. si . .,
Pj; Sin @, cos a;,

<
i

pi; SIN Q@ sina, (50)

ji
Zji = 'Oji CcOSs (Pji

where a is right ascension, ¢ is codeclination (90° — 5),8 is declination, and
© is range.

Assume the geocentric coordinates Xj , Y,— , and Zj for each station j are
known and the celestial angles ¢ i and a;; are measured. By requiring the axes
of each local system to be parallel with the geocentric one, the following rela-
tions hold:
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X. . x.. + X.
ji ii T

Yii = Y5 + Y, (1)

[
Z.. zZ.. .
J1 J1+ZJ

Furthermore, the differences expressed as residuals in X, Y, Z between 'true"
satellite positions in geocentric coordinates and station-relative satellite posi-
tions in geocentric coordinates are:

Ax.. =x! -x

ji ji i
Ain:y;i_y1 (52)

A z :z;i -z
A'Oji = vYA x?i +Ay?i -*—Az?i (53)

Therefore, if we assume n ground stations simultaneously observe the satellite
position 1,

M ~
Py; SINn @, cos g +X1 N X,

Py; SINQ,. cos %y,
. ~ ¢
; S1n @ . cos a +Xn N X
(54)

. . ~
Pr; SIN @y sina,, +Y, Xy

. . ~
Pp; SINn@,; sina,, +Y, Xy,

P.; sin qbni sina_ ; + l.ln :t}.’i
Py €OS 9y tZy RNz
Pai €OS ¥4 + 2.:2 N,
P cc;s P + én Rz,
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From these 3n equations per satellite position i we wish to determine the 3+n
unknowns per satellite position i. As before, expressing the approximate
equations (as for (56)) in matrix form produces the condition equations, For our
purposes, we wish to separate the unknowns o, , £, 5«5 B2 X2 Y and
z, from the known factors. The resulting condition equation is:

1 0 0 sing cosa 0 0 P 0 -_‘
iy iy
0 1 0 sin;,,usinu‘J 0 0 . 0
X, |
o 0 1 cos ¥, 0 0 e 0
. Yl
1 0 O 0 sin g, cos a,, 0 0
e
0 1 0 0 sin Pp; sin ay 0 o 0
Yi X
0 0 1 0 €os ¢, 0 . 0 2
zl Y2
1 0 0 0 0 sin Py, cos ay, A 0
“Fiy 2] gz, (553.)
o 1 0 0 0 sin gy, sinag; 0
T i
0 0 1 0 0 cos Py, e o]
xl\
|~ Y,
1 0 0 0 0 0 s sin g, cosa , LZ
n
0 1 0 0 0 0 e sing ; sina -
o 0 1 . 0 0 0 cos g,
— ——
(3n)x (n+3) (n+3)x1 (3n)x1
Tor convenience express (55a) as:
S, R =X (55h)
i

The solution of 55b) for R, is equivalent to a least squares evaluation of

n n
— - 2 2 2 _
Q = 2 beys = 2 Bxjy +Oyy v Bz =
o1 o1

(56)
E [(pj.l s'mq)j.l cosa,, +Xj —-xi)2 +(p“ s'mcpj,1 sin a; +Yj —yi)2
j:‘

+ (/Oji cos ¢, +Zj —zi)z].
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That is, the sum of the squares of the residuals Q, is minimized by finding the
partials of Q, with respect to the unknowns evaluated as zero. e.g.

3Q, 23Q, 23Q. 2Q )

Considering (55b) first,

which is, explicitly,

—
n 0
0 n
0 Q

sing, cosa,, sing,, sina,,

sin CP2i COs a2i sin qo“ s1n (7~2l

sing,; cosa; sing,; sina,

.= S - - (57)
dp. oX. Y. 3oZ
ni i i i
STsS. R =STX (582)
1 1 i i i
n+3Hx (n +3) (n+3)~1
0 sin @, cos a,, sin @, cos a,, sing . cosa . X,
0 sin @, sina; sin @), sinay, sing ; sina Y,
n cos @, Cos @y, cos ¢ Z,
cos Py 1 Y 0 - £
cos ¢, 0 1 0 - Py,
cos ¢ . 0 0 1 - Ko
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x| —
Y4 soo

u
"purs b uts

1

u
"o soo b uts

T4 soo

(ug) x (€ + W)

Ty urs Thuts

"2y s0o ‘ih uts 0

0 ‘4 soo

Yo urs Y urs "

v soo 'Yhurs
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Premultiplying (58) by the inverse of (S? S, ) produces the desired solution for

R, .

1

(ST S;)"'sTs, R =(STs,)"1sTX,

R, = (S78)"'s[X

(59a)

(59b)

The equation (58) may also be produced by straight forward evaluation of the

partials in equation (57).

n

aQ n n
i 2 : . E: ; E -
.BT:-2 (pj351nrpjicosaji+xj-xi): (p“sxn(pjicosaji)+ Xj—nxi—O
! i=1 j=1

j=1

n

30 2 =
B—y“:—2 E (,ojisincp“sina“JrYj-yi): E (p“sincpjisina“)+ E Yj—nyi:
* i=1

3=1 j=1

-

> (60)

'aQ n n n
37 =-2 E (pjicosfp“+2j-zi): E (pjicoscp’.i)+ E Z -nz =0

! i=t -1 o1
°Q; . .
Sr:2 (pji sin 9;; cos ay; +Xj - Xx;) sin Pj; cos a; +2 (p].i sin @, sina; +

ji
(G=1,2,+--,n) YJ.—yi)sincpjisinaji+2(,ojicoscpji+Zj-zi)coscpji:0 )

By rearranging the terms of (60), i.e.

Py +(Z; -z;)cos P + (X --xi)sincpj cosa,, +(Y; —yi)sincpji sina,, =0 {
n n
nx, - E Xj: 2 pjisincpjicos a;;
j:l ]:1
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j:192?...7n



p;; sin @, sin a;,

5
o<
!
<
I

j=1 j=1

Pi; COS @,

o)
N
I
N
"

the relations represented in matrix notation in (58) can be readily obtained,
once more justifying the matrix approach to least squares.
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